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Many extremal theorems on inter::ction and union of sets have been extended to more general kinds of lattices. Among the most important examples is the lattice of divisors of a fixed number, ordered by the relation of divisibility. Since every positive integer can be thought of as a multiset uf primes, the lattice structure of the subsets of a finite set coincides with that of divisors of a square free number. One would natur;;lly like to generalize results on subsets for divisors. A fil*s? such result is DeBrujn, Van Tengbergen and Kruijswijk's theorem [2] on the maximum size of a Izollection of divisors. none of which dividing anotner. This is a generalization ol' Sperner's theorem [ 101 on subsets. 5.ome other results in this direction are contained in [3. 5, 6, 7, 93. Let S denote the set of integer! 1,2, . . . , 11. Consider four kinds of l'arnilicts F,. F,, F3, and E; ,f subsets of S subject to the following restricric3ns:
(1) If A, 8 are melmberc of F,. then ,4 n B# fl (2) If &A?,..., Ak (k >, 2, arbitrary) are any member of F?, tht n 4, Tr .+ n -l -II Ak # 8. In other words. there is an element common to all mem ~1s of F,. IWe 1. -Let s be the positive integer with prince decomposition rpslp? -n l p>, when e1 3 e2 2 l . 6 2 e,, 3 1. We ctxxide r four kinA of collections fl, fi, f3, and f4 of divisors of s subject to conditions ana'oscsus to the abov;: (a,, a: 9 . ..) ak)= s. The main purpose of this paper is t3 determine the maximum sizes for f:, and 1; (see Theorem 2.5 and Theorem 3.I.2, respec i-JeJy). For f1 and fi, the maximum sizes are well-known; but they ax-12 alsa being discussed here because of two reasons, First, the above eight conditions ate closely related to one another with some cf thlr;m implying others. Secondly, WC inten to contrast the size differences among the f's with the corresponding differences among the F's. Another purpose of this paper is the exposition of a new graph-theoretical method of extremal enumerations. This is contai::ed in Section 3. 2). This .result was tist mznt!oned in [5] .
The same arguments for F1 110ld for &. This bound can be achieved by taking all numbers divisible by p,. The sizes ot F, and F2 have the same bound, bitit &I is more limited than If,1 except N llzn
ei. It is an interesting coincidence that e, nrCr, (e, + 1) is also the smsl lest $ize of a maximal f, (see [3, Thearem 41 and [6] ).
Erdiis, Eio and Xado [4] shawed that, if F is 3 Sperm r family of pair\&e intersecting subsets of S with tht sizes of all members bounded by a fixed number k <$I, then F consists of at most (;I:) members. Therefore a Sperner sysem consisting of pairs of complementary subsets can have the size r10 more rlnan
Actually this statement is a special case of a result in [I] . From I his, Kleitman observed that the maximum size of F3 is 2"-' + ($_','_ ,). This nun ber substantially exceeds the bound 2"-' for IF& As a contrast the ex[remum siz: c>t' f3 is identical with that of f, except, of course, for the degen.;rate case when s is square free. This fact is proved in the next section.
Finally the maximum size 2" -' + 1 for F4 was provea by Li [8] with a mctho_l of graph representation. A similar method will be adapted ii.1 section 3 for deterrrining the maximum size of f4. When s is not square free, the hound of If41 turn! CM\ to be no greater than that of I;rz!.
All notations in this section will be employed tbr;)ughlJtit this article. UI lehs specifically indicated, we shall assume that e, > 1 henceforth. Between any pair. of complementary subsets ol' S, exactly one of them satisfies (*). Hence the size of f* is equal to q.vhich ij; the value given in Table 3 for If1; snd If31. Clearly f* is :x collection :iatlisfying the cor:ditions (I') and (3'). We shall see that f, has the maximum size among all possible collections f3. Lemma 2.3. Among all possible collecrions f3 wir11 the wnaximbrn size, thcrta is one safisfy,ir'g fh~ foilowrng properfy: For every wher I sdjecr to the condition (*), if ps" E j3, then f3 contarns a proper divisor of pS+ Proof. 1'0 start with, let ;F be any maximum sized f3. We shall argue inductively on the number of s&sets I satisfying (*I such that psi' of but f contains no proper c'ivisor of p"'.
If no such subsets exist, we have nothing tc, llrove. If there exists such an 1, define t'r~e new coilection We wan1 to show that f' satisfies (3'11 and that 1 f'l== lfl. From the assumptiorl e, > 1 and the (*) property of I, there exists i E I with e, > 1. So the two numbers nicf p, and ps" cgn not be simultaneously contained in any collection f3. This sh(lws the equality between IfI and [f'I# On the other h.and, cince no member of f',{p"'1') is a divisor of ps .l, the new collection f' sar%fies (3'). Y'he proof can now be cog pleted by induction.
Lemma 2.4. Among d' yosdde f3 with the maximum size, there is one cor..:isting omr olrly ihose dizzisors with supports satisfying (*).
Roof. Let f be a ma.timu.~ sized f3 with the property stated in tht: preceding lemma. We shall argue inductively on the number of those subsets of S which satisfy (*) and are compiempntary to supports of members of f. If no such subsets exist, we have nothing to prove. So we assume there exist slich subsets and let I be : F-.l.aximal one among them. At least the following i;1forn. cations are known ab :dt I so far, 
Covering problem on directed graphs
With respect to the prime decomposition of the number s. WC give a definition of coverings of directed graphs. It will be proved that graphs of a certain shape have the largest possible number of coverings. The proof depends mklly on gradually deforming any given h:raph into the optimal shape so that .:h,e number oi coverings is nondecreasing on 1:ach step of the deformation. On tEe other hand. the determination of the maximum size of a collection fa will be ;hou-n to be equivalent to the search for ;1 function graph on n vertices which hi,\ the maximum number-of coverings. As a consequence the bound of &I ran be determined.
Given a collection fj, we zssociatl: with it a directed graph witk the vzrtices 1,2,.. ., n and the edge prescribed in below. For every i, Jo S, there is a?) edge pointing from i to j if and only if every number in f-r is divisible by p:'~ or 11,. Claim that for every iE S, there is an edge with i c?s its initial point. Thus, consi-kr aI1 numbers in f-1 that are not divis.;ble b!! p:. Since s/p, is a commo.1 multiple ,I; rhe\c numbers, they mu+;t have a coIrnmon factor, say. p,. lkn ci. i, is dn edpf: in II-K graph. Note that we do not require i and j IO hz distirlct frcml each 0th 2 .
The above consideration of graph:. leads 11s to thti following:
S.-Y.R. Li -Proof* The first ststernent follows from the above discussion. Let G be a ,yaL*.h on S. Suppose (i, k) is an edge on a cycle in G with j# k. Denote by J the set of all vertices irk the same component of j which shall be disconnected from k when j is remoiled frown the gral?h. J may possibly be empty. Let Iv be the number of divisiprs of niEJ p: that cover al! the edges on .I, and let N be the riumber of those covering all the edges 06 J U (j). With these notations, we have the following k:mrrza which is of some interest in its own right. Roof. Let G' de-l#Jte tlx g:.aph resulting from the replacement. The proof is by count lrng the ctivzrings of < : which do not cover G' ilnd vice versa.
Denote by K the set of vt rticxs in C which shall be disconnected from j when k i:r removed frarn C. Set I= . : 'i (.I U _K U (h. i, k)). If a number {I:'=, pi: covers G but
